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On the Connection Between Zwanzig's Classical Projection 
Operator Formalism and Coarse-Graining 
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It is pointed out that the following two procedures are identical: (i) applying 
Zwanzig's projection operator to the distribution function; (ii) coarse- 
graining the distribution function with cells which are defined by means of 
the macroscopic variables and their inaccuracies, and going to the limit of 
vanishing inaccuracies. 
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Some years  ago,  Zwanzig  in t roduced  pro jec t ion  ope ra to r  techniques into 
stat is t ical  mechanics ,  ~ which have been shown to be very powerfu l  tools  
for  the der iva t ion  o f  reduced  equat ions  f rom first pr inciples  (see, e.g., Ref.  3 
and  references cited therein).  The most  general  explicit  fo rm of  the classical 
p ro jec t ion  ope ra to r  P has been given as (2~ 

61(x) : =  eG(x) 

: =  ax' ~ ( a , ( x ' )  - A,(x))G(x') dx'I- ~ ~ ( A , ( x ' )  - A , ( x ) )  (1)  
i=1 i:l 

where the A~(x), i = 1 ..... r, are the phase functions describing the macro- 
scopic variables.  By cons t ruc t ion ,  Gl(x) is cons tan t  on the  hypersur faee  
A,(x) = a~, i = 1 ..... r. This al lows us to write  

Gl(x) = dx 8(A~(x) - aOG(x) dx 8(Ai(x) - ai) (2) 
~=1  . . . . .  r i = 1  i = 1  

I t  is t r ivial  to see tha t  

f r ~r fA G(x) dx (3) dx ~=1 3(A~(x) - a~)G(x) = ~al ... Oar ~(x)<~, 
i = 1 , . . , , r  
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from which we get immediately 

- ~T~aJA,(x,~aG(x)dx / er-~fA,,x~<odx (4) Gl(x) ~c~l._.a ~ eaz ... ~al 

i = l  . . . . .  r i = 1  . . . . .  r 

We have recently shown ~4~ that the familiar coarse-graining 

Gc (x)lx ., := f. G(x) dx/fo dx (5) 

with the cells introduced by van Kampen ~s~ 

f~ ={xla~ <~ A~(x) ~< a~+ 3~, i =  l , . . . , r} (6) 

leads in the limit of vanishing inaccuracies 3~ to expression (4), i.e., 

lim Gcg(x) = G~(x) (7) 
6~O:t=l,,..,r 

This shows that Zwanzig's classical projection is identical with coarse- 
graining in the limit of vanishing inaccuracies of the macroscopic variables. 
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